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We express the total equation of state parameter of a spatially flat Friedman-
Robertson-Walker universe in terms of derivatives of the red-shift dependent spin-
weighted angular moments of the two-point correlation function of the three dimen-
sional cosmic shear. We first express the total equation of state parameter in terms
of the growing mode of the gauge invariant metric perturbation in the conformal-
Newtonian gauge for the case of adiabatic perturbations with vanishing speed of
sound. We then express the metric perturbation in terms of derivatives of the angu-
lar moments of the shear correlation function. We present the final explicit expression
for the case of a Harrison-Zeldovich spectrum of primordial perturbations.
I. INTRODUCTION
Determining the expansion history of the universe is one of the central problems in cos-
mology, and the goal of many observation programs: distant supernovae [1, 2], the large
scale structure in the universe [3, 4], and the cosmic microwave background [5]. It has be-
come clear in recent years that kinematic distance probes in the homogeneous and isotropic
universe, such as luminosity distance, angular distance etc., have a limited resolving power
for determining the expansion history of the universe. They rely on light emitted from dis-
tant sources, and hence they measure an integral over the expansion history [6, 7, 8]. It is
possible to improve the determination of the expansion history by adding prior assumptions
on the evolution, or by combining several kinds of observations [9, 10], or by focusing on
better determined quantities [11, 12, 13]. It has also been suggested that the measured
integrals can be differentiated [14]. A recent review of the subject can be found in [15].
Cosmological perturbations provide, through their dependence on the homogeneous and
isotropic background, an independent tool to probe the expansion history of the universe
2[16, 17, 18]. To be able to use the perturbations to determine the expansion history of the
universe it is necessary to express the total equation of state parameter wtot in terms of the
perturbations in a way that does not depend on the specific functional dependence of wtot on
time. In the following we refer to such an expression as “model-independent”. To obtain a
model-independent expression for the perturbations we follow the methods of [19]. Further,
it is necessary to identify observable quantities from which one can determine in a reliable
way the perturbations as a function of time, or equivalently, of redshift. Obviously, we have
to look for observables that can be measured precisely, however, in addition they also have
to be evaluated precisely, otherwise the theoretical errors form the imprecise calculation
will dominate the final error budget and will limit their resolving power as probes of the
expansion history of the universe.
The three dimensional cosmic shear [20, 21, 22] seems to be a promising observable that
can be measured by weak lensing observations. Currently, the observations are mostly two
dimensional [23, 24, 25] with future programs expected to have also some three dimensional
capabilities [26]. The recent advances in measuring the cosmic shear and the expected
future improvements have attracted a growing interest in the potential of weak lensing
measurements for determining the expansion history of the universe, either by itself [27,
28, 29, 30, 31] or in combination with other measurements [32, 33, 34]. Cosmic shear
is a measure of the shape distortion of distant objects as the light emitted from them
propagates through the perturbed universe. To measure the three dimensional cosmic shear
the redshift of the distorted objects (usually galaxies) needs to be measured in addition to
the distortion pattern. Several recent reviews of weak lensing give a comprehensive and
exhaustive description of the current state of the field [35, 36, 37, 38].
If the perturbations are weak, the cosmic shear depends linearly on them. In this linear
regime of the metric perturbations, both observations and theoretical calculations can be
done reliably without any obvious obstruction. Thus, it seems possible to reduce the intrin-
sic theoretical and experimental errors down to the percent level, as required for accurate
determination of the expansion history of the universe. In gauge invariant perturbation
theory, the metric perturbation Φ can in principle be small even if the density perturbations
δρ/ρ are not, thus the use of metric perturbations allows us to extend the linear regime to
smaller scales. However, as we will show, to take full advantage of the linear regime one
still needs to filter the influence of the late time non-linear regime. This requires the ability
3to subtract the shear at different redshifts. In other words, to measure finite differences or
derivatives of the cosmic shear as a function of redshift.
In this paper we relate wtot to derivatives with respect to the redshift of the observable
three dimensional spin-weighted angular moments of the cosmic shear. We first solve, fol-
lowing E. Bertschinger [19], for the gauge invariant perturbation in the conformal Newtonian
gauge Φ as a functional of wtot for the case that the perturbations are adiabatic and have a
vanishing speed of sound. This is possible because Φ obeys a linear equation whose coeffi-
cients depend on the expansion history of the background. We then solve for the geodesic
deviation of light in the presence of the perturbation and use the standard theory of cosmic
shear in the linear regime to obtain a linear equation for the three dimensional cosmic shear
γ in terms of Φ. Because the equation is linear and the coefficients depend on the expansion
history of the universe we obtain an expression for γ as a functional of Φ. By expanding
the two point correlation function of γ in spin-weighted spherical harmonics we obtain an
equation for the time-dependent part of Φ in terms of the primordial spectrum of pertur-
bations and the spin-weighted angular spectrum of γ. Combining the results we obtain
a model-independent equation relating wtot to derivatives of the observable spin-weighted
angular moments of the two point function of the three dimensional cosmic shear.
Previously, many of the investigations emphasized the non-linear regime where the shear
signal is stronger [39, 40, 41] (see, however, [42]). In many cases the non-relativistic New-
tonian approximations was used to connect the metric perturbation to the matter density
perturbation. The relationship between the cosmic shear moments and the expansion history
was explored mostly using numerical methods.
We have obtained the following results:
• Fully relativistic expressions for the functional dependence of γ on Φ.
• Explicit and model-independent relationship between wtot and Φ for the case of spa-
tially flat FRW universe.
• Explicit model-independent expression for wtot in terms of derivatives of the moments
of γ for the case of adiabatic perturbations with vanishing speed of sound.
Our results can be used to determine the time-dependence of wtot from observations of
the three dimensional cosmic shear measurements. Our focus in this paper is on the basic
4principles and on the simplest cases. The detailed quantitative analysis of the resolving
power of such observations, and their dependence on various prior assumptions as well as
the analysis of more general cases is deferred to future investigations [43].
We start by expressing the metric perturbation Φ in terms of the total equation of state
parameter wtot in Sect. II. Then in Sect. III, we express the shear in terms of Φ, and the
angular moments of the shear-shear two point correlation function in terms of Φ. We end
Sect. III by presenting explicit expressions for wtot in terms of the angular moments. Section
IV contains our conclusions.
II. EXPRESSING Φ IN TERMS OF wtot
A. The background and the perturbations
The line element of the homogeneous and isotropic universe is
ds2 = a2(η)
(−dη2 + dw2 + f 2K(w)dΩ2) , (1)





K−1/2 sin(K1/2w) , K > 0
w , K = 0
(−K)−1/2 sinh((−K)1/2w) , K < 0
. (2)
The stress-energy tensor is given in terms of the energy density ρ, the pressure p, and the
velocity of the cosmic fluid Uµ, T µν = (ρ+p)UµUν+pgµν. The relevant Einstein’s equations
and conservation equation are
H2 +K = 8πG
3
a2ρ, (3)
H′ = −4πG(ρ+ p)a2, (4)
ρ′ + 3H(ρ+ p) = 0. (5)
Here H = a′/a, and prime denotes a derivative with respect to η.
The line element of the perturbed universe in the conformal Newtonian (longitudinal)
gauge is
ds2 = a2(η)
[−(1 + Φ (η, ~x)) dη2 + (1− Φ (η, ~x)) (dw2 + f 2K(w)dΩ2)] . (6)
5Here we choose to ignore shear perturbations and assume that the cosmic fluid is a perfect
fluid. Imperfect fluid perturbations’ influence is in general considered to be small (see for
example [44]) and could be evaluated in subsequent investigations. We follow the standard
derivations that are reviewed in [45] to obtain the equations of motion for Φ. They are
derived from the perturbed Einstein’s equations,
∇2Φ− 3HΦ′ − 3(H2 −K)Φ = 4π|K|Ga2δρ, (7)
Φ′′ + 3HΦ′ + (2H′ + (H2 −K))Φ = 4π|K|Ga2δp. (8)
The limit K → 0 of these equations has to be taken carefully keeping Ka2 fixed,
∇2Φ− 3HΦ′ − 3H2Φ = 4πGa2δρ, (9)
Φ′′ + 3HΦ′ + (2H′ +H2)Φ = 4πGa2δp. (10)
As mentioned above, the linear equations are valid when Φ is small |Φ| ≪ 1, however this
does not require in general that δρ/ρ is small. From eq.(7) we can estimate that for small
wavelengths δρ/ρ is larger than Φ by a factor of the order of the square of the ratio of the
size of the horizon to the wavelength, δρ/ρ ∼ (q/H)2Φ.







Sδρ + τδS, where the speed of sound of the
perturbations is c2S =
∂δp
∂δρ
and δS is the entropy perturbation, leads to a single second order
equation for Φ,
Φ′′ + 3H(1 + c2S)Φ′ − c2S∇2Φ + (2H′ + (1 + 3c2S)(H2 −K))Φ = 4π|K|Ga2τδS. (11)
In the rest of the paper we will only consider adiabatic perturbations for which δS = 0.
Then,
Φ′′ + 3H(1 + c2S)Φ′ − c2S∇2Φ +
[
2H′ + (1 + 3c2S)(H2 −K)
]
Φ = 0. (12)
Here we can take the K → 0 limit in a straightforward manner.
Our derivation is fully relativistic. Its main advantage compared to the non-relativistic
analysis is that we can put initial conditions on Φ outside the horizon and follow its evo-
lution, and hence use directly the early-time information about the spectrum of metric
perturbations from the CMB or the linear matter power spectrum rather than using the late
time processed matter power spectrum. The numerical difference between the relativistic
and non-relativistic analysis at small redshift z for small wavelength perturbations is not
expected to be large. Again, we can roughly estimate the difference from eq.(7) to be of the
order of the square of the ratio of the size of the horizon to the wavelength ∼ (q/H)2.
6B. wtot in terms of Φ
We wish to solve eq.(12). It is convenient to use the standard change of variables to u,
Φ = 4πG
√
ρ+ p u (13)
























We will focus on the case that c2S vanishes or is negligibly small, as happens when the total
pressure is negligible, or when the perturbations in the pressureless cold matter component
are much larger than in any other components. The exact condition on eq.(14) that we will
assume in Fourier space, for a mode with wave vector ~q is
(qη)2c2S ≪ 1. (18)
Then, the solution of eq.(14) is given by






The first term is the smaller decaying solution and the second is the larger term which
is usually referred to as the “growing solution” even though it is sometimes constant, or
decays slower than the first term. We are interested only in the growing solution, because
it dominates the solution at late times.
Assumption (18) is expected to hold for the perturbations in our universe for the following
reason (see [46, 47] for a recent discussion). Consider in addition to the cold matter a dark
7energy component that has substantial positive c2S. In such a component perturbations
decay in comparison to the perturbations in a pressureless component. If the perturbations
are adiabatic then the amplitudes of the different kinds of perturbations are about equal
at horizon entry. Since we are interested in the growing solution at rather late times, and
for wavelengths that are smaller than then horizon, we expect the perturbations in the cold
matter to be the dominant perturbations. In many other cases it is possible to find exact
solutions in terms of Bessel or hypergeometric functions also when assumption (18) is not
always satisfied but we will not discuss them explicitly here. It should be worthwhile to
quantify the approximation made when assuming (18).
Using eq.(17) we can express the growing solution of eq.(19),





dη˜a2(η˜)(1 + wtot(η˜)). (20)
We would like to transform eq.(20) into a more convenient form. First, we change the
integration variable from η to ρ by using the conservation equation (5)
d ln ρ = −3(1 + w)d lna. (21)
Since d ln a/dη˜ = H(η˜), it follows that dη˜ = d ln a dη˜
d ln a
= −1/3 dρH(ρ+p) , then the growing
solution is given by










and the sign was absorbed in changing the integration boundaries.
If the universe is spatially flat K = 0, then from eq.(3) it follows that H2 = 8πG
3
a2ρ. In














Because the spatially flat case is simpler we will assume a spatially flat universe for the rest
of the paper.





Here a0 and ρ0 are the values of the scale factor and the energy density today. The value of
the variable χ today is χ0 = 1 and it vanishes for very early times if the universe was matter
dominated as expected. Consequently, the range of χ is 0 ≤ χ ≤ 1.
8Using eq.(21) we get d lnχ = d ln a−1/2d ln ρ, so d ln ρ = − 6(1+wtot)
3(1+wtot)+2
d lnχ and therefore
dρ a(ρ)
ρ3/2
= χ = d ln ρ− 6(1+wtot)
3(1+wtot)+2












The solution Φ+(χ, ~x) factorizes













We can invert eq.(28), since ∂χ (χΦT ) =
1+wtot(χ)
5+3wtot(χ)
. It follows that
wtot(χ) = −1− 5∂χ (χΦT )
1− 3∂χ (χΦT ) . (29)
If we so wish we can also express ΦT and wtot as a function of redshift z = a0/a−1. Since
χ = a√
ρ
, χ = 0 corresponds to z →∞, and χ = 1 corresponds to z = 0. For a spatially flat











































= −5 + 3wtot(z)
2(1 + z)
. (33)
Substituting eq.(33) into eq.(32) we get




















= −1 + wtot(z)
2(1 + z)
. (36)
The initial conditions on ΦT are prescribed at the initial redshift zin. In terms of I(z),








Here we have integrated eq.(34) from large redshifts towards smaller ones. We can also
integrate eq.(34) from small redshifts towards larger ones. This will require knowing the
amplitude of the perturbation at late times which is harder to determine.
From eq.(34) we can also solve for wtot in terms of ΦT ,
wtot(z) = −2(1 + z)∂zΦT (z) + 1− 5ΦT (z)
1− 3ΦT (z) . (38)
So far we have not discussed the space dependent factor C(~x), which we do now. The
primordial spectrum of C(~x) is an input for our analysis. It is usually assumed to be a
power-law spectrum, and that the perturbations are isotropic and homogeneous. In momen-
tum space 〈C(~q1), C∗(~q2)〉 = f(q)δ(~q1 − ~q2). Then the spectrum of Φ at the last scattering
surface, for example, can be parametrized as q3f(q) = A(q/q0)
n−1. The parameter n is the
spectral index and A is the spectral amplitude at q0. Both were measured most recently
by the WMAP experiment [5]. In particular, the spectral index is approximately n = .95
corresponding to an approximately flat spectrum. The range over which the spectrum is
flat (n is approximately 1) is limited because causal processes inside the horizon suppress
the perturbations [48]. For example, perturbations that enter the horizon during the radia-
tion dominated era are effectively washed out compared to those that enter during matter
domination. In particular above a certain maximal wave number qmax the perturbations are
highly suppressed. This fact will be important for us later on.
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III. EXPRESSING γ IN TERMS OF Φ
A. The propagation of light in the inhomogeneous universe
The effects of the curvature on null geodesics are determined by the geodesic deviation
equation. In a homogeneous and isotropic universe the solution of the geodesic deviation
equation is very simple. If ~ξ is the separation vector between two light rays that are separated
by an angle ~θ at the observer’s position, then
~ξ(w) = fK(w)~ϑ. (39)
This is the standard angular distance relation.
In the perturbed universe the solution of the geodesic deviation equation to leading order
in the perturbation is given in terms of an amplification matrix A(w) [35, 36]
~ξ(w) = fK(w)A(w)~ϑ. (40)
The amplification matrix can be parametrized (in the notation of [35]) in terms of the shear
γ and convergence κ,
A =

 1− κ− γ1 −γ2
−γ2 1− κ+ γ1

 (41)
The convergence κ and the shear γ = γ1 + iγ2 are observable quantities.
To find the amplification matrix and the explicit expressions for the convergence and
shear we must solve the geodesic deviation equation. In the perturbed universe with the









Here v is the affine parameter of the geodesic curves and R and F are determined by the




αkβ = R(FRW ) −
[



















f 2K(w) sin θ
+ · · · (43)
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The vector ~k is a tangent vector to the geodesic curves along which light propagates, the
vectors ~ε and ~ε∗ are perpendicular to the propagation direction. The dots stand for higher
order terms in the perturbation Φ. Our equations differ from those of [35] in the detailed
expressions for R and F in terms of Φ.
The perturbative solution of the geodesic deviation equation (42) to first order gives






T (1)ij . (44)
The matrix T (1)ij is given in terms of the first order corrections to the Ricci and Weyl tensors,















R(1) + ℜe(F (1)) ℑm(F (1))
ℑm(F (1)) R(1) − ℜe(F (1))

 . (46)
From eq.(44) we find the convergence κ






















and the shear γ
γ = γ1 + iγ2 =
1
2




















The integrand in eq.(48) looks formally divergent in the region w′ → 0 because of the factor
f 2K(w
′) in the denominator. For smooth functions Φ this is misleading because the term in
the square brackets is simply a combination of cartesian second derivatives of Φ.
B. The spin-weighted angular moments of shear two-point correlation function
For a single source at distance w the shear is given in eq.(48). We would like eventually
to find the angular moments of the shear-shear two-point correlation function. Because the
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shear is not a scalar we have to use the spin-weight spherical harmonics formalism as in
[22]. The relevant properties of the s-weighted spherical harmonics sYl,m can be found in
[22, 49]. The spin-weight operator ð operates on the s-weight spherical harmonic and gives
an s + 1-weight spherical harmonic ð sYl,m = [(l − s)(l + s + 1)]1/2 s+1Yl,m. Expressed in
terms of the spin-weight operator the shear is given by






ððΦ(w′, θ, ϕ). (49)
Light follows radial null geodesics on which η = w as can be seen from the line element in
eq.(1). For a spatially flat universe fK(w) = w as can be seen from eq.(2). Recall in addition
that Φ can be factored into a space dependent factor C(~x) and time dependent factor ΦT ,
defined in eq.(28). Combining these facts we arrive at the final expression for the shear,







′)ðð C(w′, θ, ϕ). (50)
Now, let us compute the two-point correlation function, 〈γ(w1, θ1, ϕ1), γ∗(w2, θ2, ϕ2)〉.
We can use the standard Fourier expansion and the assumption that 〈C(~q1), C∗(~q2)〉 =
f(q)δ(~q1 − ~q2) to obtain












ΦT (u1)ΦT (u2)ð1ð1 ð¯2ð¯2
∫
d3q f(q)ei~q·(~x1−~x2). (51)
We now expand the exponential ei~q·(~x1−~x2) in ordinary spherical harmonics and perform the
integration on the unit sphere in q-space,


















jl(qu1)jl(qu2)ð1ð1 Ylm(θ1, ϕ1)ð¯2ð¯2 Y
∗
lm(θ2, ϕ2). (52)
The two spin-weight operators act on the ordinary (spin-weight zero) spherical harmonics in
the expansion and give spin-weight s = 2 spherical harmonics, and similarly the conjugate
spin-weight operators give spin-weight s = −2 spherical harmonics,




















(l − 2)!jl(qu1)jl(qu2) 2Ylm(θ1, ϕ1) −2Y
∗
lm(θ2, ϕ2). (53)












The angels α,β and δ are the rotation angels from (θ1, ϕ1) to (θ2, ϕ2). The two-point correla-
tion function should only depend on β, being the angle between the two directions. Hence we
may choose the polar axis of ϕ such that it is aligned with the two points and set α = δ = 0.
In this case, our final expression for the two-point correlation function is






















(l − 2)!jl(qu1)jl(qu2) 2Yl,2(β, 0). (55)
The shear spin-weight 2 angular power spectrum
The shear can be expanded in the s = 2 spin-weight spherical harmonics γ =∑
lm 2alm 2Ylm. From the definition of γ in eq.(49) it follows that γ
∗ is proportional to −2Ylm.
The conjugation relation of spin-weight spherical harmonics implies that 2alm = −2alm.
From the isotropy and homogeneity of the shear-shear two-point correlation function we
know that it must be a function of |~x − ~x′| only, so the two-point function of the co-
efficients 2alm can only depend on l, 〈 2alm, 2a∗l′m′〉 = δll′δmm′ 2Cl. Consequently, we
may express the shear-shear two-point function in terms of the angular spin-weight two
coefficients 〈γ, γ∗〉 = ∑l√2l+14π 2Cl 2Yl,−2. The summation over m was performed using
eq.(54). By using the orthogonality relationship of the spin-weight spherical harmonics∫
dΩ sYlm sY
∗
l′m′ = δll′δmm′ we can extract the angular coefficients 2Cl from eq.(55)
2Cl = (4π)
















Assuming that the primordial spectrum of the perturbations is a power-law spectrum as
discussed previously implies that q3f(q) = Aqn−1, A being the spectral amplitude and n the
spectral index. It is possible in this case to calculate the angular coefficients for any spectral
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, l + 1−α
2







































l2 − 1u1δ(u1 − u2), (59)


















approximation in eq.(59) becomes better for larger l’s, exactly the range of l’s of interest.
Because the result for n = 1 is so simple, because the value of n in our universe is not very
different from unity, and because the more complicated results for n ∼ 1 can be obtained
from eq.(57) we will proceed under the assumption that n = 1.

















(l2 − 1)u1δ(u1 − u2)





(w1 − u)(w2 − u)
w1 w2
Φ2T (u). (60)
We can assume without loss of generality that w1 < w2, so our final result for the case n = 1
is






(w1 − u)(w2 − u)
w1 w2
Φ2T (u) , w1 < w2. (61)
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Since ΦT (0) is finite, the integral in eq.(61) is formally divergent. The formal divergence at
small u is not physical and its origin is related to a previous comment about the regularity of
γ for small w′ (below eq.(48)). The divergence is a property of blue or flat spectra (n ≥ 1).
In technical terms, tracing back the properties of the small u region of the integrand, one sees
that it corresponds to the region of high q’s in the integrand of eq.(57). For arbitrary high
q’s one is not sure about the spectrum f(q) or about the validity of the linear approximation
to the perturbation expansion. If, as we have argued previously, the physical spectrum is
cutoff above some maximal value qmax then the u integral is effectively cutoff at u ∼ 1/qmax
and thus becomes finite for all values of n.
C. Expressing Φ in terms of the spin-weight two angular coefficients
To determine wtot we need to extract ΦT from the shear-shear correlation function. The
coefficient 2Cl(w1, w2) in eq.(61) is not useful for determining ΦT as a function of red-shift
(or equivalently, time) because the u integral in eq.(61) is dominated by small u values. One
could perhaps use 2Cl(w1, w2) to determine ΦT (z = 0), however, additional input on the
form of the spectrum at high q has to be known, and the accuracy of extracting ΦT (z = 0)
will depend on this additional input. An important conclusion is that to use the linear
theory we need to be able to subtract 2Cl’s at different redshifts (or equivalently take their
derivatives with respect to redshift). For the shear measurements, such a subtraction is
analogous to the subtraction of the earth atmosphere when observing some distant sources.
Here the “atmosphere” is the low z region that dominates the integral.
As just anticipated, the derivative w.r.t. w1 of 2Cl(w1, w2) is indeed reliable and useful
quantity which is not dominated by the small u contributions,







Φ2T (u), w1 < w2. (62)
Using eq.(62) we can invert eq.(61) and find ΦT in terms of the coefficients 2Cl(w1, w2),
∂w1(w
2


























At w2 = w1 the r.h.s. of eq.(64) vanishes and the inversion in eq.(65) is not possible.
To determine ΦT (w1) it is possible to use the 2Cl’s for many values of l and to use
different values of w2. The particularly simple l dependence in eq.(65) is specific to a flat
spectrum.
D. Expressing wtot in terms of the spin-weight two angular coefficients
We can collect our results, and express ΦT and wtot as functions of redshift. Since in











Since dL(z) is an observable that is measured, for example, by observing distant supernovae,













in terms of observable quantities. Equation (38) can be expressed in terms of w
wtot(w) = −
2 [1 + z(w)] ∂w
∂z
∂wΦT (w) + 1− 5ΦT (w)
1− 3ΦT (w) . (67)
and completes eq.(65). Together they allow the determination of wtot in terms of derivatives
of the angular coefficients 2Cl. More precisely, since
∂w
∂z
= 1/H(z) one needs in addition to
dL(z) also knowledge of its derivatives.
The quantitative details of determining wtot, the dependence on prior assumptions and
some estimates of the errors will be presented in another publication.
IV. CONCLUSIONS
We have found that redshift derivatives of the three dimensional cosmic shear can be used
to determine the expansion history of the universe. This method is sensitive to other prior
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assumptions about the functional dependence of wtot on redshift than kinematic methods
that rely on the homogeneous and isotropic universe. The implementation of this method will
require extraordinary observational efforts because it requires very accurate measurements
of the shear. Further, good determination of the derivatives of the three dimensional cosmic
shear requires very accurate determination of redshifts of the sources, and in addition a
good measurement of luminosity distance (or angular distance) as a function of redshift. To
achieve such ambitious observational goals would probably require combining the results of
several accurate experiments.
V. ACKNOWLEDGMENTS
We are grateful to Ed Bertschinger for sharing with us his results [19] a long time before
their publication and for pointing out their relevance to the use of perturbation probes for
determining the expansion history of the universe. We thank D. Eichler, S. Hofmann, G.
Kane, I. Maor, A. Nusser, M. Perry and A. Zytkow for useful discussions and comments.
[1] P. Astier et al., “The Supernova Legacy Survey: Measurement of ΩM , ΩΛ and w from the
First Year Data Set,” arXiv:astro-ph/0510447.
[2] A. G. Riess et al. [Supernova Search Team Collaboration], “Type Ia Supernova Discoveries at
z > 1 From the Hubble Space Telescope: Evidence for Past Deceleration and Constraints on
Dark Energy Evolution,” Astrophys. J. 607, 665 (2004) [arXiv:astro-ph/0402512].
[3] U. Seljak et al. [SDSS Collaboration], “Cosmological parameter analysis including SDSS Ly-
alpha forest and galaxy bias: Constraints on the primordial spectrum of fluctuations, neutrino
mass, and dark energy,” Phys. Rev. D 71, 103515 (2005) [arXiv:astro-ph/0407372].
[4] D. J. Eisenstein et al., “Detection of the Baryon Acoustic Peak in the Large-Scale Correla-
tion Function of SDSS Luminous Red Galaxies,” Astrophys. J. 633, 560 (2005) [arXiv:astro-
ph/0501171].
[5] D. N. Spergel et al., “Wilkinson Microwave Anisotropy Probe (WMAP) three year results:
Implications for cosmology,” arXiv:astro-ph/0603449.
[6] I. Maor, R. Brustein and P. J. Steinhardt, “Limitations in using luminosity distance to deter-
18
mine the equation-of-state of the universe,” Phys. Rev. Lett. 86, 6 (2001) [Erratum-ibid. 87,
049901 (2001)] [arXiv:astro-ph/0007297].
[7] J. Weller and A. Albrecht, “Opportunities for future supernova studies of cosmic acceleration,”
Phys. Rev. Lett. 86, 1939 (2001) [arXiv:astro-ph/0008314].
[8] V. D. Barger and D. Marfatia, “Supernova data may be unable to distinguish between
quintessence and k-essence,” Phys. Lett. B 498, 67 (2001) [arXiv:astro-ph/0009256].
[9] I. Maor, R. Brustein, J. McMahon and P. J. Steinhardt, “Measuring the Equation-of-state
of the Universe: Pitfalls and Prospects,” Phys. Rev. D 65, 123003 (2002) [arXiv:astro-
ph/0112526].
[10] J. A. Frieman, D. Huterer, E. V. Linder and M. S. Turner, “Probing dark energy with su-
pernovae: Exploiting complementarity with the cosmic microwave background,” Phys. Rev.
D 67, 083505 (2003) [arXiv:astro-ph/0208100].
[11] P. S. Corasaniti and E. J. Copeland, “A model independent approach to the dark energy
equation of state,” Phys. Rev. D 67, 063521 (2003) [arXiv:astro-ph/0205544].
[12] U. Alam, V. Sahni, T. D. Saini and A. A. Starobinsky, “Exploring the Expanding Universe
and Dark Energy using the Statefinder Diagnostic,” Mon. Not. Roy. Astron. Soc. 344, 1057
(2003) [arXiv:astro-ph/0303009].
[13] Y. Wang and K. Freese, “Probing dark energy using its density instead of its equation of
state,” Phys. Lett. B 632, 449 (2006) [arXiv:astro-ph/0402208].
[14] R. A. Daly and S. G. Djorgovski, “Direct Determination of the Kinematics of the Universe
and Properties of the Dark Energy as Functions of Redshift,” Astrophys. J. 612, 652 (2004)
[arXiv:astro-ph/0403664].
[15] E. J. Copeland, M. Sami and S. Tsujikawa, “Dynamics of dark energy,” arXiv:hep-th/0603057.
[16] E. V. Linder and A. Jenkins, “Cosmic Structure and Dark Energy,” Mon. Not. Roy. Astron.
Soc. 346, 573 (2003) [arXiv:astro-ph/0305286].
[17] A. Cooray, D. Huterer and D. Baumann, “Growth Rate of Large Scale Structure as a Powerful
Probe of Dark Energy,” Phys. Rev. D 69, 027301 (2004) [arXiv:astro-ph/0304268].
[18] E. V. Linder, “Cosmic growth history and expansion history,” Phys. Rev. D 72, 043529 (2005)
[arXiv:astro-ph/0507263].
[19] E. Bertschinger, “On the Growth of Perturbations as a Test of Dark Energy,” arXiv:astro-
ph/0604485.
19
[20] A. N. Taylor, “Imaging the 3-D cosmological mass distribution with weak gravitational lens-
ing,” arXiv:astro-ph/0111605.
[21] A. Heavens, “3D weak lensing,” Mon. Not. Roy. Astron. Soc. 343, 1327 (2003) [arXiv:astro-
ph/0304151].
[22] P. G. Castro, A. F. Heavens and T. D. Kitching, “Weak lensing analysis in three dimensions,”
Phys. Rev. D 72, 023516 (2005) [arXiv:astro-ph/0503479].
[23] C. Heymans et al., “Cosmological weak lensing with the HST GEMS survey,” Mon. Not. Roy.
Astron. Soc. 361, 160 (2005) [arXiv:astro-ph/0411324].
[24] H. Hoekstra et al., “First cosmic shear results from the Canada-France-Hawaii Telescope Wide
Synoptic Legacy Survey,” arXiv:astro-ph/0511089.
[25] E. Semboloni et al., “Cosmic Shear Analysis with CFHTLS Deep data,” arXiv:astro-
ph/0511090.
[26] J. Albert et al. [SNAP Collaboration], “Probing Dark Energy via Weak Gravitational Lensing
with the SuperNova Acceleration Probe (SNAP),” arXiv:astro-ph/0507460.
[27] D. Huterer, “Weak Lensing and Dark Energy,” Phys. Rev. D 65, 063001 (2002) [arXiv:astro-
ph/0106399].
[28] W. Hu, “Dark Energy and Matter Evolution from Lensing Tomography,” Phys. Rev. D 66,
083515 (2002) [arXiv:astro-ph/0208093].
[29] B. Jain and A. Taylor, “Cross-correlation Tomography: Measuring Dark Energy Evolution
with Weak Lensing,” Phys. Rev. Lett. 91, 141302 (2003) [arXiv:astro-ph/0306046].
[30] M. Ishak and C. M. Hirata, “Spectroscopic source redshifts and parameter constraints from
weak lensing and CMB,” Phys. Rev. D 71, 023002 (2005) [arXiv:astro-ph/0405042].
[31] F. Simpson and S. Bridle, “Illuminating Dark Energy with Cosmic Shear,” Phys. Rev. D 71,
083501 (2005) [arXiv:astro-ph/0411673].
[32] A. Upadhye, M. Ishak and P. J. Steinhardt, “Dynamical dark energy: Current constraints
and forecasts,” Phys. Rev. D 72, 063501 (2005) [arXiv:astro-ph/0411803].
[33] M. Ishak, “Probing decisive answers to dark energy questions from cosmic complementar-
ity and lensing tomography,” Mon. Not. Roy. Astron. Soc. 363, 469 (2005) [arXiv:astro-
ph/0501594].
[34] C. Schimd et al., “Tracking quintessence by cosmic shear: Constraints from VIRMOS-Descart
and CFHTLS and future prospects,” arXiv:astro-ph/0603158.
20
[35] M. Bartelmann and P. Schneider, “Weak Gravitational Lensing,” Phys. Rept. 340, 291 (2001)
[arXiv:astro-ph/9912508].
[36] L. Van Waerbeke and Y. Mellier, “Gravitational Lensing by Large Scale Structures: A Re-
view,” arXiv:astro-ph/0305089.
[37] A. Refregier, “Weak Gravitational Lensing by Large-Scale Structure,” Ann. Rev. Astron.
Astrophys. 41, 645 (2003) [arXiv:astro-ph/0307212].
[38] P. Schneider, “Weak Gravitational Lensing,” arXiv:astro-ph/0509252.
[39] D. Huterer and M. Takada, “Calibrating the Nonlinear Matter Power Spectrum: Requirements
for Future Weak Lensing Surveys,” Astropart. Phys. 23, 369 (2005) [arXiv:astro-ph/0412142].
[40] S. Wang, Z. Haiman, M. May and J. Kehayias, “High shear regions in weak lensing surveys
determine cosmology,” arXiv:astro-ph/0512513.
[41] V. Waerbeke, White, Hoekstra and Heymans, “Redshift and Shear Calibration: Impact on
Cosmic Shear Studies and Survey Design,” arXiv:astro-ph/0603696.
[42] D. Huterer and M. J. White, “Nulling Tomography with Weak Gravitational Lensing,” Phys.
Rev. D 72, 043002 (2005) [arXiv:astro-ph/0501451].
[43] R. Brustein and D. Levy, to appear.
[44] T. Koivisto and D. F. Mota, “Dark energy anisotropic stress and large scale structure forma-
tion,” Phys. Rev. D 73, 083502 (2006) [arXiv:astro-ph/0512135].
[45] V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, “Theory Of Cosmological Pertur-
bations,” Phys. Rept. 215, 203 (1992).
[46] R. Bean and O. Dore, “Probing dark energy perturbations: the dark energy equation of state
and speed of sound as measured by WMAP,” Phys. Rev. D 69, 083503 (2004) [arXiv:astro-
ph/0307100].
[47] S. Hannestad, “Constraints on the sound speed of dark energy,” Phys. Rev. D 71, 103519
(2005) [arXiv:astro-ph/0504017].
[48] C. P. Ma and E. Bertschinger, “Cosmological perturbation theory in the synchronous and
conformal Newtonian gauges,” Astrophys. J. 455, 7 (1995) [arXiv:astro-ph/9506072].
[49] M. Zaldarriaga and U. Seljak, “An All-Sky Analysis of Polarization in the Microwave Back-
ground,” Phys. Rev. D 55, 1830 (1997) [arXiv:astro-ph/9609170].
21
[50] The hypergeometric function 2F1 is defined in terms of an integral
2F1 (a, b, c; z) =
Γ(c)
Γ(b)Γ(c− b)
∫ 1
0
tb−1(1− t)c−b−1(1− tz)−adt.
